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Introduction
The immersed interface method [2, 5, 6] is the offspring of Peskin's immersed boundary method [3] . It shares the same mathematical formulation as the immersed boundary method, by representing the boundary immersed in a fluid as a singular force in the Navier-Stokes equations. The formulation in 3D reads
where t is time, v is the velocity, p is the pressure, Re is the Reynolds number, q is a finite body force, S is the immersed boundary, F = F (α 1 , α 2 , t) is the singular force density in a parameter space that is formed by two Lagrangian parameters α 1 and α 2 parameterizing the boundary, x = (x, y, z) gives the Cartesian coordinates, X = X (α 1 , α 2 , t) gives the Cartesian coordinates of the boundary, and δ( x − X ) is the 3D Dirac δ function. Taking the divergence of the momentum equation, Eq. (1), gives the pressure Poisson equation as
The immersed interface method differs from the immersed boundary method in the numerical treatment of the singular force. The immersed boundary method uses narrow-supported grid-dependent discretized smooth functions to approximate the Dirac δ function. The immersed interface method directly incorporates force singularity induced flow jump conditions into numerical schemes, and it therefore achieves second-order accuracy and the sharp fluid-object interface. The required jump conditions can be derived systematically, and they can be incorporated into finite difference and interpolation schemes based on a generalized Taylor expansion [4] .
In general, the singular force for the boundary is determined from a constitutive law which relates the singular force to the boundary configuration. When a rigid boundary is modeled by a constitutive law, numerical instability may occur, especially at high Reynolds numbers. In order to eliminate solid models for rigid boundaries and associated stiffness, a rigorous approach was proposed recently for explicitly calculating the singular force for the boundary of a 2D rigid object in prescribed motion [7] . The immersed interface method implemented with this approach has shown second-order accuracy in the infinity norm for both the velocity and the pressure, numerical stability with large CFL numbers at high Reynolds numbers, and efficiency for multiple moving boundaries [7] . In this explicit approach, the tangential component of a singular force is determined from the normal derivative of the velocity, and the normal component is determined from a predictor and a corrector. The predictor uses the normal derivative of the vorticity. The corrector involves solving in turn a Poisson equation, a Neumann-Dirichlet map, and a Laplace equation to achieve the desired normal derivative of the pressure. In addition, a finite body force is applied inside the boundary to obtain the rigid motion of the enclosed fluid. The necessary formulas for extending this approach to 3D rigid objects are derived in this work. It is expected that the immersed interface method with the implementation of these formulas can accurately, stably, and efficiently simulate the prescribed motion of 3D rigid objects.
The derivation below is based on the formulation given by Eqs. (1) and (2). Besides vector notation, tensor notation with the summation convention is used in the derivation. The following definitions are also used.
where τ and b are unit tangents, n is a unit normal, and f n and f τ b are called the normal and tangential singular force, respectively. Define
(10)
Finite body force
The motion of the rigid boundary S in 3D can be described through x c (t) and three Euler angles φ(t), θ (t), and ψ(t), where x c denotes the Cartesian coordinates of a reference point which is fixed with respect to S, and φ, θ, and ψ are the angles of the first, second, and third boundary rotations about the axis which passes through the reference point and is parallel to the z, x, and z axis, respectively. If the fluid inside S is in rigid motion, then the position x of a point which is inside and fixed with respect to S satisfies
where x 0 and x c0 corresponds to the coordinates x and x c at some fixed reference time, respectively, and R is the rotation matrix calculated using
with R 1 , R 2 , and R 3 denoting the first, second, and third rotation matrices, respectively. The velocity of this point is given by
where Ω = (Ω x , Ω y , Ω z ) is the angular velocity in the Cartesian system. By rotating and superposing the three rotation vectors, Ω is calculated using
The velocity inside S therefore satisfies
where ω is the vorticity, the Laplacian of the velocity v equals 0, and p is the pressure (subject to a constant) inside S, which is given by
The analytical form of the body force q for enforcing the rigid motion of the fluid inside S is obtained from Eq. (17). Inside S, it is
Outside S, q should be zero. Thus the body force q is piecewise defined and has a jump across S,
where [·] = (·) n + − (·) n − = (·) S + − (·) S − denotes a spatial jump condition, across S.
Surface vorticity
The surface vorticity outside S, ω| S + , satisfies
Proof. With the use of the identity
where ijk is the permutation symbol, and δ ij is the Kronecker symbol, the jump condition [ ω × n] can be written as
Form a control volume V by sweeping the infinitesimal area S on S in the direction of n and − n by n. Integrating the gradient of the continuity equation, Eq. (2), on V and letting n approach 0, then
So by Eqs. (23), (15) and (16), ω| S + × n satisfies
which completes the proof.
Define ω T = ω · T , ω B = ω · B, and ω N = ω · N. Then
where
Proof. Using Eq. (21) and the identity
ω T | S + can be expressed as 
this gives the proof of Eq. (28):
The surface vorticity ω| S + can be solved from the nonsingular linear system formed by Eqs. (26)-(28).
Tangential singular force
Both the singular force and the piecewise defined body force cause flow discontinuities across the boundary S. The jump conditions of the velocity, the pressure, and their normal derivatives are
[ v] = 0, (33)
where the contravariant force components F T * and F B * in the parameter space are calculated from
For the derivation of the above jump conditions, refer to [1, 4] . From Eqs. (35) and (16), the formula for explicitly computing the tangential singular force is obtained as
In numerical implementation, a one-sided finite difference scheme along the normal n can be used to calculate ∂ v ∂n S + . By Eq. (21), the tangential singular force is related to the surface vorticity as
(39)
Normal singular force
The jump condition of the acceleration is
which comes from the no-slip and no-penetration conditions on the boundary [1, 4] . So the momentum equation, Eq. (1), indicates that
where the identity v = −∇ × ω + ∇(∇ · v) is used above. With the jump condition for the pressure, Eq. (34), the following relations can be obtained:
These two relations can be rewritten in the following forms which are amenable to numerical implementation:
Proof. The term T · [∇ × ω] in Eq. (42) can be written as
The vorticity is uniform inside S, so by Eq. (28), the final equation above can be written as
which completes the proof of Eq. (44). Eq. (45) can be proved similarly.
The right hand sides of Eqs. (44) and (45), denoted as r 1 and r 2 , involve surface and normal derivatives. The surface derivatives with respect to α 1 and α 2 can be calculated using cubic splines or Fourier transformations, and the normal derivative can be calculated using one-sided finite differences. The normal singular force can be solved from the following Poisson equation:
Periodic boundary conditions are applied when the boundary S is closed.
Consistency
From Eq. (41), the jump condition ∂p ∂n can be related with the surface vorticity as follows:
By Eq. (36), the principal jump condition ∂p ∂n is
which was derived in [4] with the assumption that the object surface is closed and smooth. The check of the consistency between Eqs. (49) and (50) can be regarded as a local approach for deriving Eq. (50) without the global assumption of boundary smoothness and closeness. The consistency is checked below by proving − Re
Proof. Plugging Eqs. (37) and (39) and using the facts that
n · T = n · B = 0,
n · ∂ n ∂α 1 = n · ∂ n ∂α 2 = 0,
the left hand side of Eq. (51) becomes 
